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Image Compression via Improved
Quadtree Decomposition Algorithms

Eli Shusterman and Meir Feder, Senior Member, IEEE

Abstract—Quadtree decomposition is a simple technique used
to obtain an image representation at different resolution levels.
This representation can be useful for a variety of image processing
and image compression algorithms. This paper presents a simple
way to get better compression performances (in MSE sense) via
quadtree decomposition, by using:

¢ Near to optimal choice of the threshold for quadtree decom-

position.

s Bit allocation procedure based on the equations derived from

rate-distortion theory.

The rate-distortion performance of the improved algorithm is cal-
culated for some Gaussian field, and it is examined vie simulation
over benchmark gray-level images. In both these cases, significant
improvement in the compression performances is shown.

1. INTRODUCTION

UADTREE (QT) decomposition is a simple technique
Qfor image representation at different resolution levels.

This representation is successfully used in binary image
compression algorithms. Recently, QT decomposition has been
used as a part of image sequence compression algorithms,
[17]-[19]. QT decomposition for coding of gray-level images
is attractive for a number of reasons:

¢ Relative simplicity compared to other methods (e.g.,

DCT-based coding), which makes it an attractive method
for applications such as video and HDTV compressions.

» The adaptivity of the decomposition. The decomposition

divides the image into regions with size depending on
the activity in the region. The compression performance
is thus adapted to the various image regions.

 The useful output of the decomposition. The decomposi-

tion actually results in a kind of image segmentation. This

segmentation can be used for a variety of different image

processing applications, e.g., pattern recognition, [11].
However, so far, the rate-distortion (R-D) performance of QT
based compression algorithms for gray-level images has been
poorer than other popular compression techniques such as
transform-based compressions (e.g., DCT).

Little attention has been paid to the study of the threshold
and the bit allocation influence on the decomposition perfor-
mance. This paper tries to fulfill the gap. The results of the
present study suggest two modifications in the original QT
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decomposition coding algorithm. The suggested modifications
were analyzed for an autoregressive Gaussian field and tested
by simulations on real gray-level images. In both cases these
modifications significantly improved the R-D performance of
the algorithm with a minor increase in its complexity. The
simulation results show that a proposed algorithm performs
better than transform coding or subband coding [22], both
followed by scalar quantizer. For some images the algorithm
performance is competitive even with the two mentioned
coding techniques, followed by vector quantizer.

The paper is organized as follows: In Section II the stan-
dard QT decomposition algorithm is described. Section III
introduces modifications of the standard QT algorithm, which
improve its performance. This is the main contribution of the
paper. In Section IV the R-D performance of the improved QT
decomposition coding algorithm is calculated for an autore-
gressive Gaussian field. Section V presents simulation results
for real gray-level images and Section VI concludes this work.

II. QT DECOMPOSITION

A natural gray-level image usually can be divided into
different size regions with a variable amount of details and
information. Such segmentation of the image is useful for
efficient coding of image data. QT decomposition is a powerful
technique which divides the image into 2-D homogeneous (in
the property of interest) regions, i.e., produces the segmenta-
tion.

The decomposition builds a tree. Each tree node has four
children and it is associated with a uniquely defined region
of the image. It is obvious that the root is associated with
the whole image. QT decomposition can be done either by
top-down or bottom-up procedures. In Fig. 1, both top-down
and bottom-up QT decomposition procedures are illustrated.
It is well known, and also demonstrated by this simple
example, that the bottom-up procedure is superior; therefore
it is preferred for usage in the suggested algorithm.

When QT decomposition is used for image compression,
the resulting tree is coded. The coding procedure includes
coding of the tree structure information and coding of the leaf
information. Let assign “1” to the parent node and “0” to the
leaf. To each leaf a parameter (or parameters) that describes the
intensity of the corresponding subimage will also be assigned.
Obviously, the image pixels are always leaves, so the tree
structure coding can be stopped one level before the bottom
level. Fig. 2 demonstrates the tree and the resulting code of
the example in Fig. 1.
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Fig. 1. Quadtree decomposition procedures. (a) Top-down procedure. (b)
Bottom-up procedure.

(a)

(b)

Fig. 2. The quadtree and the corresponding code. (a) Subimage coding order.
(b) The resulting tree; tree code: QTC = 1 — 0011 — 0001 0011.

So far, the general conventions have been briefly explained.
Now more specific parts of the QT algorithm will be described.
Suppose the image size is 2™ X 2"; it can then be represented
at n + 1 levels of resolution. Every pixel at every resolution
level has its own intensity level. The parent node intensity
is a mean value of its children nodes intensities, and the test
examines the error of this representation in the property of
interest. At each level, except the bottom, the node intensity
is calculated according to

fori=1,---,n;
for k0 =0,--+,2" 7% — 1

1
zi(k, 1) = > xio1(2k + 5,20 + m) (1)

1
7=0m=0

RN

where z; denotes the pixel intensity at resolution level 7. Now
the test must be applied.

Several homogeneity tests have been introduced in the
literature [20] and more tests can be defined, depending on
the property of interest in image representation. However, in
most applications the simple absolute difference test is used.
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Therefore only this test will be referenced. Other tests can be
analyzed in the same way. Let 1" be the threshold. The test
is positive if

1

ﬂ | (k) = 2i—1(2k + 53,20+ m) |<K T = True. (2)

7ym=0

The standard QT decomposition algorithm can be summa-
rized as follows.

Step 1: Leti=1;N =2""1;
Step2: Fork,l=0,---,N -1,
IF for j,m = 0,1 all z;—1(2k + 7,2l + m)
are leaves
calculate z;(k,[) according to (1)
perform the test according to (2)
IF the test is TRUFE z;(k,!) is a leaf,
ELSE z;(k,!) is a node.
next k, /.
Step 3:  IF no leaves were produced by Step 2 STOP,

ELSE N = &4 =1i+1; go to Step 2.

The described algorithm has been used in many image
compression applications, e.g., [14]-[21]; however, as it will
be shown in the next section, by a few modifications the
performance of the algorithm for image compression can be
significantly improved.

III. THE IMPROVED COMPRESSION
ALGORITHM BASED ON QT DECOMPOSITION

A. General

In contrast to most image compression algorithms, the de-
scribed QT algorithm does not need much computation power.
However, as mentioned before, the so far poor rate distortion
performance of the algorithm (for gray-level images) discards
all its advantages. In addition to the lack of performance, the
algorithm creates blocking in the reconstructed image. To make
the algorithm useful, both these problems must be solved.
The main result of this paper is that R-D performance can be
improved by optimal threshold adjustment in the homogeneity
test and by optimal bit allocation for leaves coding.

For further discussion, the following variables are defined:
N; is a number of pixels at level 4 that did not propagate to
level ¢ 4+ 1. Define the empirical probability of finding a pixel
at level ¢ as

N;
bi = gqn—i’

3)

The pixel propagation probability to resolution level 0 is
defined as go = 1. The empirical propagation probability from
level i — 1 to level ¢ is defined by a recursive equation

L 1 1= 0;
4 qi—1 — Pi—1

1=1,---,n.
Note that ¢, = @¢n—1 — Pn—1 = Pn. The compressed tree
contains Ly leaves, where, by definitions above

C))

n

Ly=)Y 4" 'pi. )

=0
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The uncompressed tree contains 5= nodes, so the tree
structure code of the complete tree consists of <=L ones.
During the compression, the propagation from level 0 to level 1
converts a number of nodes to leaves. The code remains “T‘l
bits but includes zeros in it. During further compression, the
pixel propagation to resolution level i reduces the code length
by 4"~ #*+1g; bits. Therefore the compressed tree contains N,
nodes and leaves that are sufficient tree structure information,
i.€., Ny bits must be assigned for the tree structure code,
where

n
th = 4

-1 n »
2 4 ©)
i=1

The rate R,; of the tree structure code, assuming the straight
forward coding, is given by

N,
RBy= 2 @
In the example of Fig. 2, n = 3 and
P=g=1%  @=1
13
_ 5. .
p1 = 15 a1 =1-—7po 6
1
P2=%=%1 QZ=111“P1=§§
p3 =0; g3=¢g2—p2=0
3 5 1
Lyp=64x —+16x — +4x = =19;
=X g Hlbxgrixg=1%

64 -1 1
Nyp=—" — - =21-8=13;
at 3 16 x 5 =21-8=13;

13 .
Ry, = 61> .2[bits/pixel].

Although this rate may be reduced further by a proper coding,
this coding is not really required, since, as evident from the
example, this rate is small (would be about 10% — 20% of
the total rate).

B. How to Choose the Threshold

To improve the algorithm performance it is first suggested
to use different threshold values at each resolution level. The
procedure to determine the threshold values will be described
below. Let T; denote the threshold value at level .

Lemma 1: The mean-square error (MSE) of the subimage
representation by a leaf at QT level ¢ is upper bounded by:

MSE; < ) T2,
j=1

®

The proof of Lemma 1 is given in the appendix. As a universal
bound it is sharp, since, as shown in Fig. 3, a subimage that
achieves the bound can be synthesized.

The whole image is represented by a number of leaves
at different levels, where each leaf is a representation of
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Fig. 3. The synthetic subimage that achieves the MSE bound given in
Lemma 1. A;, B;, and C are pixel values. T} is the threshold at level 7.

the correspondent subimage. Therefore, the total MSE of the
reconstructed image is bounded by

n n 1
MSEq: = ) piMSE: <) pi )T}
=1 =1 j=1
Expressing p; by ¢; in (4) and substituting p; in (9) gives
n
MSE,; = Z(‘Iz = gi+1) MSE; <

n A
> (i —qi41) Y T7
i=1 i=1 i=1

=qT? + @T? + @T2+ -+ g T2+ + g T2
~ T - T — T3 — - — g T7 — -+ — T2,

n n n
i1 T =Y 6T —auny T (10)
7=1 =1 7=1

Level n + 1 does not exist, s0 g,+1 = 0. Therefore, the total
MSE is bounded by

®

n
MSE,; < Y q,T}. an

i=1

The goal is to choose threshold values {7} that minimize
the MSE under a constraint of a fixed number of leaves.
However, the relation between the threshold values and the
MSE is complicated and cannot be expressed in a closed form.
Thus, we suggest to choose threshold values that minimize the
MSE bound (11) while the number of leaves is constant or
equivalently to minimize the number of leaves while the MSE
bound is constant. By substituting (4) in (5) and writing the
summation explicity, the expression for L, becomes

n
Ly=4"(1-q)+ 24"71(%' —~ giy1)

i=1

—q4nf1_ N2 2
=4 (1 a+T-TH
Gn—1 dn dn

+ 4n—1 - 471—1 + 4n)
Y PR ©2_ ¢ )
=41 Am+4+ +M4]
::M(1—3§:%> (12)

=1
Then
4 —-n - 1—3

Q= g(l -4 th) - 24 q;. (13)

=2
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The expression for ¢; substituted in (11) gives

4 - . ;
MSEg < S(1—47" L) T + 3 i(T? - 4'7'TF). (14)

=2

The first term of (14) is always positive and if L is given, the
term depends only on 77. Suppose that 7} is a given parameter.
Then, if the second term is minimized, the MSE bound is also
minimized. The second term is not positive if

2<i<n Ty <2ty (15)
Obviously, one can claim that there exists some set of numbers

T € {eie; € [0, 1]}iL, such that

2<i<n T, = 21"i61~T1
n n
4110 72022 _ 1Y — mi 1—i, 20,2 _ A
2_2 17 (6 —1) = min ;24 aTi(Eef —1) 7. (16)

The probability ¢; depends on 7; and on the image statistics.
Thus, each image gives different Y. Furthermore, to find such
T for every image can be very expensive in calculations.
Therefore, a suboptimal but universal solution (e.g., solution
that holds for any image no matter what its statistic is) is
given by

2<i<n T, =27'T. an
This is the procedure we suggest for threshold selection. It
depends on an arbitrary parameter T; that can control the
R-D tradeoff. At each level the threshold is a factor of 2
smaller than its value at the previous level. A simple “intuitive”
explanation can be given to this result. The contribution of the
image area representation by a leaf at level i to total distortion
is proportional to the size of the area (4'). The best MSE is
achieved if the distortion is distributed uniformly between all
leaves. Thus, at the higher levels, lower distortion is allowable.

C. Bit Allocation

So far only distortion due to QT decomposition has been
referenced. The additional distortion is created by quantizing
the pixel value of the various leaves; the aim of this section
is to show how to minimize this distortion by optimal bit
allocation. R-D theory provides good solutions to the problem
of optimal bit allocation for an independent vector source [6].
Each resolution level can be handled as an independent source,
but in fact all levels, except the bottom, are some combination
of the previous level, so better performance can be achieved
if the dependencies are taken into account.

The rate distortion function of a source (a random variable),
denoted R(D), is bounded [1]-[3] by

9

1 P 1 -
Ry(D) = 3 log 15 < R(D) < 5log

D (18)

where % log % is the R-D function of the Gaussian source with
the same varience o as the given source and Ry (D) is the
R-D function of the Gaussian source with the same entropy.
P in (18) denotes the entropy power of the source. Suppose
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each level is an independent source; then according to (18) the
R-D function of the every source is bounded by

1 P; 1 o?
~log == < Ri(D;) < = log =+ 19
210g D, = Ri(D;) < 5 og D (19)
for the total leaves rate
n
1 Pz
Y 4 iy tog ) < B(D)
i=0 2 D
n n
(D 1 2
= Pi Ri( ) < 4*lpi—10ggl— (20)
i=0 & i=0 2 D;

where we recall that P;(z) is the entropy power of the random
variable x corresponding to the intensity at level i and o2 is
its variance. The distortion due to quantization is

D= i piD,'.
=0

Now, let us find a set of D;’s that minimizes the upper bound
in (20), while D is constant and (21) is a constraint. The
differentiation of the upper bound in (20) with a Lagrange
multiplier gives

21

Am-iD
Lyt

The minimization of the lower bound in (20) with the same

constraint (21) gives the same solution (22). Both, the upper

and the lower bounds of the R-D function reach their minimum

at the same point. Thus, it is a good reason to believe that the

function itself reaches the minimum at or near this point.
Finally, the near to optimal bit allocation is

D; = . (22)

1 aiqul )
= = log - 23
Bz 2 108, =D (23)
and the leaves rate is
Rp =) 47'pB:. 24)
=0

D. Summary: The Improved Algorithm for Image Compression

We now summarize the proposed modifications, and intro-
duce the improved algorithm. The homogeneity test of (2) is
modified to

() ik, 0) — 221 (2k + j,20 + m) |[< T, = True. (25)

J,m=0

The new image compression algorithm via QT decomposition
is as follows
Step I:  Choose T}. Leti = 1; N = 2"~ 1;
Step2: Fork,l=0,---,N—1:
IF for j,m = 0,1 all z;,_1(2k + 7,2 +m)
are leaves
calculate z;(k,!) according to (1)
perform the test according to (25)
IF the test is TRUFE z;(k,l) is a leaf,
ELSE z;(k,!) is a node.
next k. /.
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Step 3:  IF no leaves were produced by Step 2

goto Step 4,

ELSE N = §;i=i+ 1I;T; = B2 goto Step 2.

Step 4:  Code the tree structure information as

it was described in Section 2.
Step 5:  Calculate Ly; Choose a desired distortion

level D for leaves quantization; ¢ = 0;
Step 6:  Calculate leaves mean m; and variance a;-".
Step 7:  Allocate bits for level ¢ leaves according to (23).
Step 8:  Quantize level 7 leaves.
Step9: :¢=1:41;IFi>n STOP,

ELSE goto Step 6.

In this work the Lloyd-Max quantizer [4], [5], designed for a
Gaussian distribution, was chosen for the quantization in Step
8. The overhead information includes means and variances of
all levels. The total rate is given by

RT(Dqt + D) ~ th + RB(D) (26)
and the total distortion is upper bounded
Dr(Rr) < MSEy + D. (27)

IV. EXAMPLE: AN AUTOREGRESSIVE GAUSSIAN FIELD

In this section we assume a specific source statistics, and
compare the performance of the proposed improved algorithm
to the original QT compression algorithm. If the image statistic
is known, in several cases the R-D performance of the original
algorithm can be calculated explicitly as described in [21]. We
follow the technique in [21] to get the performance of the
improved algorithm, as shown bellow.

Specifically, we calculate the R-D performance for the case
where the image is supposed to be a 2-D autoregressive Gauss-
ian field with zero mean and the following autocorrelation

function
R(k,1) = 6% exp (—Ml——]> (28)

d

where d is the correlation distance. The correlation factor
between two adjacent pixels is given by
1
p al

_ R(k+1,1) R(k,1+1)
= R(k,) Rk

The autocorrelation function can be expressed in the following

matrix form

(29)

1 p gt . 2l
o pE PP >
reo2| 02 B ot . (30)
g2l P22 1)

Without loss of generality the variance o2 is chosen equal to
unity. The correlation factor p varies for real gray-level images
in the range of 0.9-0.99. The R-D performance is calculated
for:
1) Original quadtree decomposition algorithm.
2) Quadtree decomposition with the logarithmic threshold
of (17).

=3
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Fig. 4. R-D functions for the autoregressive Gaussian field. p = .98

3) Original quadtree decomposition algorithm. The optimal
bit allocation of (23) is performed.
4) Quadtree decomposition with the logarithmic threshold
of (17). The optimal bit allocation of (23) is performed.
The threshold 77 and the correlation factor p are given param-
eters, the resulting R-D functions are shown in Figs. 4-6. The
examination of these graphs leads to a number of conclusions.
First, the proposed bit allocation significantly improves the R-
D performance of the compression for either the constant or the
logarithmic threshold assignment. Second, the R-D function
of the algorithm with the logarithmic threshold assignment
intersects with the R-D function of the original algorithm.
Before the intersection, the first algorithm performs better;
after the intersection, the second. However the intersection
occurs above the distortion range that is allowable for a
good image compression algorithm. Therefore the proposed
threshold assignment improves the R-D performance in the
interesting region. It should be noted that if the threshold T3
is low, then most of the pixels do not propagate to levels higher
than 1. Thus, if T3 is low, the performance does not depend
on how the threshold for the next level is chosen.

V. SIMULATION RESULTS FOR TEST (BENCHMARK) IMAGES
A. Distortion Measure

Before presenting the simulation results let us define the
distortion measure. Different measures have been used by
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Fig. 5. R-D functions for the autoregressive Gaussian field. p = .95

different researchers. For comparison purpose to other reported
work, we use the measure peak signal-to-noise ratio (PSNR)
defined as follows: let z(7, 7) be a pixel at the 4, j coordinates
of the source image and let y(i,5) be a pixel at the i,j
coordinates of the reconstructed image. The image size is
2™ x 2™ pixels and 8 bit/pixel.

2" —12" -1

PSNR = 10log¢ > )"

=0 j=0

2562

(€1))
[2(4, )

(i.7)?

B. Reconstruction Filter

So far in this work, only the compression procedure was
of interest. However, an important part of the algorithm
is the reconstruction procedure, which may influence the
reconstructed image quality that is not measured directly by
SNR value. The goal of the reconstruction procedure is to
expand each tree leaf at some level 7 to a number of leaves
at level 0. The reconstruction filter is chosen to be of the
following form

b ¢
d e
e f

and the reconstruction of a pixel at resolution level 7 — 1 is
done according to

F= (32)

o o

for m,n=0,1

zi1(2k +m, 20 +n) = RuFR. X;(k,1)  (33)
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Fig. 6. R-D functions for the autoregressive Gaussian field. p = .90

where
zi(k—1,1-1) (k=101 x;(k—-1,1+1)
Xi(k, 1) = z;(k,1—1) xi(k, 1) zi(k, 1+ 1)
zi(k+1,1-1) zi(k+1,0) =z (k+1,1+1)
100 0 0 1
Ry=10 1 0]}, Ri=({0 1 0}. (34)
0 0 1 1 0 0

The reconstruction filter is designed to reduce the blocking in
the reconstructed image. The best way to test if the blocking
exists is by a visual test. In the results reported below, the
filter coefficients are taken from [19].

C. Results

The proposed compression algorithm is tested on two real
gray-level images. The size of the source pictures is 256 x 256
and they are are shown in Fig. 8.

In the graph of Fig. 7, the R-D functions for “Lena” of four
different quadtree based compression algorithms are plotted
(the reported rate includes the overhead information, which
is about 10% of the given value). The R-D function of the
proposed algorithm is more than 5 db above the R-D function
of the original algorithm. Table I compares PSNR values of
two quadtree coders for test images at several rates.

These results make obvious the fact that the proposed
changes lead to significant performance improvement in the
compression algorithm based on quadtree decomposition.
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Fig. 7. R-D function for “Lena.”

®)
Fig. 8. Test pictures. (a) “Lena.” (b) “Tree.”

Next, it is interesting to ask: whether the proposed improved
algorithm is competitive with other compression techniques,
e.g., DCT-based techniques. To answer this question the
algorithm performance is compared with several popular tech-
niques that are described in [22]. The comparison results are
shown in Tables II and III, and indicate that the proposed
algorithm performance is much better than popular trans-
form coding with scalar quantization and is competitive with
subband coding with scalar quantization within the bands.
Furthermore, for some images (like “Lena”) the proposed
algorithm is competitive with transform or subband coding
with vector quantization. Finally, the resulting images at
different compression rates are shown in Figs. 9 and 10.

VI. CONCLUSION

A practical and efficient image compression algorithm is
proposed in this paper. This algorithm is based on quadtree
decomposition and has all its advantages. On the other hand,
it does not suffer from the poor R-D performance of standard
QT-based algorithms and its performance is even superior to
DCT-based compression algorithms with scalar quantization
and competitive with DCT-algorithms with vector quantiza-
tion. Thus the proposed algorithm is attractive for a variety
of applications. The fact that the compression output is useful
for image segmentation, edge enhancement and pattern recog-
nition adds to the attractiveness of the algorithm. It is worth
mentioning that other improvements of the quadtree decompo-

TABLE I
COMPARISON OF TWO QUADTREE CODERS AT SEVERAL RATES
"Lena" "Tree"
Rate Old QT Alg. New QT Alg. OIld QT Alg. New Qt Alg.
0.5 23.08 2891 20.34 25.34
0.67 24.21 30.36 21.75 26.95
1.0 27.18 32.55 24.42 29.36
2.0 3229 37.19 29.57 33.87
TABLE II
PSNR! VALUES FOR SEVERAL CODERS AT rate = 0.5 bit/pixel
Transform Subband
Image QT SQ PVQ  AWPVQ FSVQ SQ PVQ
"Lena" 2891 2487 27.62 28.41 29.91 26.55 2837
"Tree" 2538 2337  26.05 26.67 27.99 26.27 27.13

'All PSNR values for transform and subband coders are according to M. E. Blain and
T. R. Fischer [22]. Abbreviations are: QT: quadtree coder; SQ: scalar quantizer; PVQ:
pyramid vector quantizer; AWPVQ: adaptive weighted PVQ; FSVQ: full-search vector
quantizer; DPCM: differential pulse code modulation; ADPCM: adaptive DPCM.

TABLE 1II
PSNR!VALUES FOR “Lena” IMAGE AT DIFFERENT RATES
Transform Subband
Rate QT SQ PVQ AWPVQ SQ PVQ DPCM ADPCM
0.5 2891 24.87 27.62 2841 26.528.37 — —
0.67 3036 2597 28.66 2993 27.129.48 294 309
1.0 3255 27.07 3167 322 28.181.37 314 325
2.0 37.19 30.67 36.66 — 31.236.65 354  36.6

'All PSNR values for transform and subband coders are according to M. E. Blain and
T. R. Fischer [22]. Abbreviations are: QT: quadiree coder; SQ: scalar quantizer; PVQ:
pyramid vector quantizer; AWPVQ: adaptive weighted PVQ; FSVQ: full-search vector
quantizer; DPCM: differential pulse code modulation; ADPCM: adaptive DPCM.

sition have been suggested [13], [14]. We note, however, that
our modifications can be incorporated with these algorithms
as well. For example, our thresholding and bit allocation
techniques can be applied to the “dual-domain” coders de-
scribed in [14] and further improve their performance. Finally,
the quadtree decomposition has close relations to Pyramid
and Wavelet decomposition. The proposed modifications can
be used in image compression algorithms based on these
decompositions as well.

APPENDIX

Proof of Lemma 1: The proof is by induction. Let us
start from level 1. According to the test (2) MSE; can be
represented as

MSE; = 2T2(ad(1) + a2(1) +a(3) +al(4)  (39)

where | @1(4) [< 1 and 35, a1(7) = 0. In the worst case
| a1(3) | = 1, then MSE; = T?. Now, let us proceed to the




Image “Lena” at several rates. (a) 0.5 bit/pixel, 28.91 dB. (b) 0.67
bit/pixel, 30.36 dB. (c) 1.0 bit/pixel, 32.55 dB. (d) 2.0 bit/pixel, 37.

Image “Tree” at several rates. (a) 0.5 bit/pixel, 25.34 dB. (b) 0.67
bit/pixel, 26.95 dB. (c) 1.0 bit/pixel, 29.36 dB. (d) 2.0 bit/pixel, 33.8 dB.

4
1
MSE; = T Z (ao()) T2 + 1(4,1)T1)?

( )T2 + al(i, 2)T1)2
)TQ + 041(7:, 3)
)TQ + Ozl(i, 4)T1)2

-
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where | ay(i) < 1,| ay(i,j) |[< 1 and 37 1 a2(i) =
ijl ai1(i, j) = 0. After a few simple operations. Equation
(36) becomes

4 4 4
MSE; = 4T2 Do)+ T8N 0l ). 37
i=1 i=1 j=1
Again, in the worst case | az(i) | = | a1(4, ) | = 1, then
MSE, = T2+T%. Suppose that the relation MSE; < P
holds for the first k¥ — 1 levels. Now, let us prove that the
relation holds for level k. The equation for the MSE at level
k is
4
MSE;, = Z ar(i)Tk + Ex1(i,1)?
i=1
( k(1) Tk + Ex—1(i,2))? (38)
o+ (an(i)Tr + Ex—1(3,4"1 = 1))?
+ (Oék(l)Tk + Ek_l(’i, 4k_]))2

where | ax(i) |[< 1 and 337, (i) = 0. Ex_1(i,5) denotes
the difference between the pixel at level £ — 1 and the
correspondmg pixel at level 0 It is easy to show that:

Z:_l Ey—1(i,5) = 0 and Z i=1 Ek 1(2,3) = MSE,_1(3).
Equatlon (38) can be rewntten as

4k'f‘

4
1
1\/1513k4—?z:4;l’“*1a,v VT2 + 20 (¢ ZE;C 1(4,7)

»

4
+ EEA(?Z,M (39)
=1
1 4 1 4 41
:7}2 k(lTk+4ZZEk 1(%7)
=1 =1 j=1
1< 1<
= ZZak(z)Tk + 42 MSE; ().
i=1 =1

In the worst case | (i) | = 1 and MSE,_1 = T + T2 +
-+ T,?_l. Thus,

1=k
MSE ;. < ZT}. (40)
i=1
Q.E.D.
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